A detailed analytic and numerical analysis of the interaction between two bubble skyrmions has been carried out. Results from micromagnetic calculations show a strong dependence of the parameters of the skyrmion magnetic profile as a function of the magnetostatic interaction. The magnetic core and edge-width sizes of the skyrmion increase or decrease depending on the relative position between the skyrmions and the uniaxial perpendicular anisotropy. In particular, when a magnetic disk is over another, there is a transition from a Bloch-like skyrmion configuration to a Néel-like skyrmion configuration as the distance between the disks decreases. This transition is due to the magnetostatic interaction between them. Therefore, it is possible to stabilize a bubble skyrmion with a Néel configuration without the Dzyaloshinskii-Moriya interaction. Thus, these results can be used for the parameters control of the skyrmions in magnetic spintronic devices that need to use these configurations.
INTRODUCTION
During the last decade, a great deal of attention has been focused on the study of the magnetic skyrmions in magnetic structures because they have potential applications in magnetic storage devices of high density, spintronic devices, etc. [1] [2] [3] [4] [5] [6] . For example, in nanostructures such as nanodisks it is possible to find different type of skyrmions, like Néel, Bloch or bubble configurations, among others. The Néel and Boch skyrmion configurations can be obtained by introducing a Dzyaloshinskii-Moriya interaction due to the strong spin-orbit coupling between two materials [1, 2, 4, 7] . Similarly, the bubble skyrmions can be stabilized through an uniaxial magnetic anisotropy perpendicular to the plane of the disk [8] [9] [10] [11] [12] .
It is interesting to note that the magnetic particles possess a long-range magnetostatic field, which is present in the formation of a great variety of magnetic textures like vortices or skyrmions. Recently, arrays of bubble skyrmions in nanodisks with perpendicular anisotropy have been proposed for the implementation of spintronic devices [13] [14] [15] [16] . In these systems, it should be emphasized that the interaction between the skyrmions through the magnetostatic field can be strong depending on their locations [2, 17] . In terms of analysis, the interaction between bubble skyrmions can be decomposed as the magnetostatic field interaction of cores and edges. This magnetostatic interaction could even influence their movements and may also affect their magnetic structures [17, 18] affecting the operation of the device. Therefore it becomes necessary to study in detail the interaction between two bubble skyrmions.
Hence, in this paper, we study the magnetostatic interaction between two magnetic dots that have a magnetic bubble skyrmion. They are stabilized by an effective anisotropy without the Dzyaloshinskii-Moriya interaction. Specifically, we focus our attention on the skyrmion core and edge that vary in size as a function of the magnetostatic interaction between these two magnetic dots. Based on micromagnetic calculations and micromagnetic simulations, we have carried out numerical calculations, in which we have observed a strong variation of the parameters of the skyrmion magnetic profile. The magnetic core and the edge-width sizes of the skyrmion increase or decrease depending on the relative position between the skyrmions and the uniaxial perpendicular anisotropy. In particular, it is possible to stabilize bubble skyrmions with a Néel-like skyrmion magnetic profile when a magnetic disk is over another, in the absence of the Dzyaloshinskii-Moriya interaction. This transition from the Bloch-like skyrmion configuration to the Néel-like skyrmion configuration is due to the magnetostatic interaction between the magnetic disks. These results could be useful for the realization of future bubble skyrmion devices.
THEORY
We start with two dots that have a magnetic Co/Pt bubble skyrmion configuration. These dots are separated, center to center, by a horizontal distance x and a vertical distance z, as shown in Fig. 1 . The skyrmions are then allowed to interact through the magnetostatic interaction. Each magnetic dot has a radius R, a height H, and an effective magnetic uniaxial anisotropy perpendicular to the plane of the dot characterized by K u > 0. The magnetic parameters for each dot are M s = 500 kA/m and A = 1.5 × 10 −11 J/m, so that the exchange length is equal to L ex = 2A/µ 0 M 2 s ≈ 9.8 nm [19] . We approach the study of these systems with the micromagnetic theory by using analytical and numerical calculations, and micromagnetic simulations. The micromagnetic simulations are performed with the Object Oriented Micromagnetic
Framework (OOMMF) code [20] . We consider that each dot has a thickness H = 10 nm and a radius R = 300 nm, a cubic mesh size of 2 × 2 × 2 nm 3 and the Gilbert damping constant equal to 0.5. To obtain the minimum energy configuration, we consider different initial states of the magnetization such as vortex, in plane, out plane, and skyrmion configurations. To relax the system into the most stable configuration, we use the Runge Kutta fourth order method.
Horizontal separation between two magnetic disks with low anisotropy
In the first place, we consider two disks, with low magnetic anisotropy, separated by a horizontal distance (x > R) and in the same plane (z = 0). From the micromagnetic simulations, we propose a magnetic profile of the form of a Bloch-like skyrmion characterized by a magnetization that rotates in the plane and perpendicular to the radial direction, by [12, 21] 
where b and c are the sizes of the core and the edge-width of the magnetic bubble skyrmion, considers the magnetostatic interaction between two disks with an anti parallel-configuration of the magnetic bubbles with x = 610 nm. The analytical magnetic profiles shows a good agreement when the disk is isolated and also when there is a strong magnetostatic interaction between two of them. Therefore, these OOMMF simulations suggest that the cylindrical angular variation of the perturbations in the magnetic profile of these bubble skyrmions can be disregarded when they are interacting by the magnetostatic interaction, as suggested in The total magnetic energy of two disks with the
tot , is given by the sum of the exchange, magnetostatic, and anisotropy energies, whose forms are suggested by the micromagnetic theory [22] . The exchange energy for the bubble skyrmion with the B 1
ex , is given by [12] 
where A is the stiffness constant, H(ξ) is the harmonic number function of the complex variable ξ [23] given by the Euler's integral
and the function f (ρ) in Eq. (2) is
with ζ(ρ) = (R − ρ)/c. The magnetostatic contribution is given by the self-magnetostatic interaction for every dot defined by E m,self , and the magnetostatic interaction between the
where U self ( r) is the magnetostatic potential in a dot due to the same magnetic dot [22] .
Observing that we do not have volumetric charges in the magnetic profile of Eq.
where F 1 (q, b) and F 2 (q, c, R) are:
The magnetostatic interaction between the two dots is given by
is the magnetostatic potential in a dot due to the other magnetic dot [22] . Then E m,int with the magnetic profile given by Eq. (1) is equal to: The function g(q, H, z) is:
The anisotropy contribution, E ani , is given by
Then, E ani , with the magnetic profile given by Eq. (1), is [12] :
Hence, the expression of the total energy of the system is equal to
This expression, Eq. (11), depends on the parameters x, z, b, and c. Therefore, to obtain the energy of the system, we need to minimize E
tot as a function of the parameters b and c; for a fixed R, H, x, z, and K u .
Horizontal separation between two magnetic disks with high anisotropy
In this section we consider two disks, with high magnetic anisotropy, separated by a horizontal distance (x > R) and in the same plane (z = 0). From the micromagnetic simulations, we propose a magnetic profile of the form
where the magnetic profile for m z (ρ), is given by [8] nm. The analytical magnetic profiles shows a good agreement both when the disk is isolated and also when there is a strong magnetostatic interaction between two of them. Therefore, these OOMMF simulations suggest that the cylindrical angular variation of the perturbations in the magnetic profile of these bubble skyrmion can be disregarded when they are interacting by the magnetostatic interaction, as suggested in Figs. 3(d), 3(e), and 3(f). Hence, for simplicity, in the analytical analysis below we will consider that their magnetic profiles do not depend on the polar angle. Therefore, we use the magnetic profile given by Eq. (12) when z = 0 and K u = 150 kJ/m 3 .
The total magnetic energy of the system with the B 2 configuration for the dots, E
tot , is given by the sum of the exchange, magnetostatic, and anisotropy energies, whose form are suggested by the micromagnetic theory [22] . The exchange energy for the bubble skyrmion configuration with the B 2 configuration, E
ex , is given by
The self-magnetostatic energy with the B 2 configuration is
The magnetostatic interaction between the two dots by using the magnetic profile given by Eq. (12) is equal to:
The anisotropy contribution with the magnetic profile given by Eq.
ani ,is:
Therefore, the total energy expression of the system with the B 2 configuration for the dots is equal to
This expression, Eq. (17), depends on the parameters x, z, γ, and ∆. Therefore, to obtain the energy of the system, we need to minimize E
tot as a function of the parameters γ and ∆; for a fixed R, H, x, z, and K u .
Vertical separation between two magnetic disks
In this section we consider two disks, separated by a vertical distance (z > H) and in the same axis (x = 0). Our micromagnetic simulations show that the magnetic configuration of each dot changes from a Bloch-like skyrmion configuration to a Néel-like skyrmion configuration as the distance between the dots decreases. In a Néel-like skyrmion the magnetization rotates in the plane parallel to the radial direction, then we propose a magnetic profile of the The self-magnetostatic energy in this case, have superficial and volumetric contributions.
Then, the self-magnetostatic energy is:
The magnetostatic interaction between the two dots is equal to:
The anisotropy contribution of the N bubble skyrmion configuration is equal to the B 2 bubble configuration, i.e., E
ani . Therefore, the total energy expression of the system with the N configurations for the two dots at x = 0 is equal to
This expression, Eq. (20), depends on the parameters x, z, γ, and ∆. Therefore, to obtain the energy of the system, we need to minimize E N tot as a function of the parameters γ and ∆; for a fixed R, H, x, z, and K u .
RESULTS AND DISCUSSION
We start with two Co/Pt magnetic dots with geometrical parameters R = 300 nm and H = 10 nm. The center of the dot A is set up at the origin x = z = 0. With these parameters, we study two scenarios in the following subsections: the disks adjacent to each other is when the dot B is at x > 2R and z = 0 (dots in the same plane) and the disks vertically stacked corresponds to x = 0 and z > H (dots in the same axis z). In the following sections we study and discuss the magnetostatic interaction energy and also the dependence of the parameters of the skyrmion, the core size b and the end-width size c, as a function of the distance between the dots.
Horizontal separation between two magnetic disks with bubble skyrmion configurations, x > 2R and z = 0.
In this section we study the magnetostatic interaction between two disks where the disks are one beside another, i.e., according to Fig. 1 , z = 0 and the distance between their centers is x > 2R. Figure 5 illustrates the magnetostatic interaction energy normalized by It is interesting to observe the variation of the initial decay of the magnetostatic interaction energy as a function of the separation x for different anisotropies. Although for K u = 150 kJ/m 3 the decay becomes faster than for K u = 143 kJ/m 3 , the former is more stable at least for small distances (e.g. x < 80L ex ). However, this system is less energetically stable than the parallel configuration of the disks vertically stacked (see subsection ), since in this case the magnetic field produced by the core and the far edge of one skyrmion have no simple way to couple to the magnetization of the other skyrmion. As a general trend, the interaction between the skyrmions grows stronger as more magnetic field lines produced at one skyrmion connect to the other skyrmion in the correct direction, as to increase the magnetostatic interaction energy. to each other, it is energetically favorable to have a relatively large edge c. However, when the disks are moved away from each other, the magnetostatic interaction between them is reduced compared to the other energy terms, so that c begins to decrease until it reaches the value corresponding to an isolated skyrmion. In order to explain the behavior of the core of the skyrmion, we must first consider that the magnetic interaction between the core A and the edge-width B is stronger than the interaction between the core A and the core B. This is because the magnetic volume due to the magnetization perpendicular to the plane of the disk from the cores is less than the magnetic volume due to the magnetization perpendicular to the plane of the disk from the edge-widths, and also because the distance between the core A and the core B is greater than the distance between the core A and the edge-width B. If we focus on the magnetic interaction between the core of the skyrmion A and the edge-width of the skyrmion B when they are close together, we see that both magnetization directions are the same. Such parallel configuration is not favorable, so that it is energetically favorable to have a small magnetic volume, i.e, the size of the core, b, should be small. For the purpose of increasing b, the magnetostatic interaction should diminish, therefore, we have to increase x. The opposite behavior occurs for the cores of the magnetic disk that have magnetic vortices, i.e., the core radius of the vortices decreases as the distance between them increases. This discussion for the vortices is analogous to what happens with the edges of the skyrmions, which correspond to the strongest interaction in this scenario, see Refs. [24, 25] . Analogously to the edge-width size, the core size of each skyrmion takes the value of an isolated disk when the separation distance is large enough to consider the magnetostatic interaction energy between the disks equal to zero.
From an application point of view, both antiparallel and parallel configurations are well worth investigating, because the core orientation of the skyrmion can be used to encode binary information and could be either up or down, depending on the information. For this reason, in addition to the previous study of the antiparallel configuration, the parallel con- figuration of two skyrmions with a horizontal separation is investigated. In both cases, when the distance between the disks decreases, the edge-width size of the skyrmions decreases while the core size increases. This can be explained through the coreedge and edge-edge interaction. The strongest interaction is between the edges and it is unfavorable, so the parameter c decreases when x decreases. On the another hand, the edge-core interaction is favorable, then the parameter b increases when x decreases.
Vertical separation between two magnetic disks with bubble skyrmion configurations, x = 0 and z > H.
In this section we study the magnetostatic interaction between two disks where one disk is over the other, i.e., x = 0 and z > H. As mentioned before, this system is much more stable than the antiparallel configuration of the disks adjacent to each other, since a relatively large fraction of the magnetic field lines produced by the core and edge of one skyrmion can close at the other skyrmion increasing the magnetostatic interaction energy. Furthermore, it becomes interesting that the strength of the interaction decreases with z much slower than in the disks adjacent to each other with x, and this is due to the fact that a large portion of the magnetic field lines produced at one skyrmion can naturally close on the other skyrmion. This fact is not true in the disks adjacent to each other, as a large portion of the magnetic field lines produced at one skyrmion cannot close at the other skyrmion, and must close on itself or infinity, not contributing as strongly to the total energy as in these disks vertically stacked.
To study the magnetic parameters b and c of the skyrmions, first we need to know the magnetic configuration of the dots when the vertical distance z varies. Figure 10 We consider that they are very close together so that z ≈ H. Disk A has a magnetic charge −q on the top surface of the edge-width while disk B has a magnetic charge q on the bottom surface of the edge-width. This configuration is stable because the interaction between the disks reduces the magnetic energy causing that the core sizes of the skyrmions increase. It should be noted that the magnetic volumes due to the magnetization perpendicular to the plane of the disks from the core are higher than the edge-width. Therefore, their interaction is stronger than the interaction of the edge-width volumes. For this reason the core sizes of the skyrmions increase when z decreases because opposite magnetic charges are attracted.
The edge-width sizes decrease because for close distance in K u = 143 kJ/m 3 and K u = 150 kJ/m 3 , the condition b + c = R occurs. Then if the magnetostatic interaction of the cores is stronger than the magnetostatic interaction of the edge-widths, the core size must to increase and the edge-width must to decrease as the distance between the dots decreases.
In addition, from Fig. 11(a) , we observe a discontinuity in both curves of the magnetic parameters b and c. and the B 2 configurations, are different from the analytical profile that we consider. In fact,
we observe that there is a transition of the magnetic profile from Eq. (1) to Eq. (12) . Then, the discontinuity in Fig. 11(a) is given because we do not consider this transition in the analytical calculation. In addition, we observe that for a high anisotropy K u = 150 kJ/m the magnetic profiles of m z obtained by micromagnetic simulations are very similar to the analytical profile that we consider. Another point that is interesting to discuss is that in our analytical model, we do not consider a continuous transition from the Néel configuration (with m φ = 0 and m ρ = 0) to the Bloch configuration (with m φ = 0 and m ρ = 0). This also must have an effect related to the discontinuity observed in Fig. 11(a) . Furthermore, we note that that there is no continuous manner to move from profile B 1 of Eq. (1) to profile B 2 of Eq. (1) keeping the same exact definition of b and c. Therefore it is not that unexpected, within our analytical approximation, to observe discontinuous changes in b and c as we change profiles.
To finalize, we did not consider the case of antiparallel configuration when one disk is over the other. The reason is that we did not observe this configuration in the micromagnetic simulation performed by OOMMF when the disks have a strongly magnetostatic interaction.
CONCLUSIONS
In summary, by means of an analytic model and numerical calculations, we have studied the dependence of the core and edge-width sizes for two magnetic disks, that have a bubble skyrmion configuration, that are interacting by the magnetostatic interaction. By using different ansatzs for the magnetic profile of a bubble skyrmion, it was possible to obtain an expression for the magnetostatic interaction energy between the two disks. We observed that the magnetic parameters that describe a skyrmion vary in different ways depending on the location of the disks. When the disks are separated by a horizontal distance, the configuration with minimum energy corresponds to the skyrmions that have an anti-parallel orientation. Results show that if the horizontal distance decreases, the core sizes of the skyrmions decrease and the edge-width sizes of the skyrmions increase. These results can be explained by the magnetic interactions between the magnetostatic fields created by the magnetizations of the cores and the edge-widths of the skyrmions. When one disk is over the other, the configuration with minimum energy corresponds to skyrmions that have a parallel orientation. As the vertical distance decreases, we observe that the bubble skyrmion configuration with a Néel-like skyrmion configuration is stabilized by the magnetostatic interaction, without the Dzyaloshinskii-Moriya interaction, i.e., there is a transition from the Bloch-like to the Néel-like configuration. Thus, these results can be used in the fabrication of future magnetic devices in which two or more bubble-type skyrmions are present.
